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Recently, the creation of photonic Landau levels in a twisted cavity has been demonstrated in Nature 534,
671 (2016). Here we propose a scheme to adiabatically transfer flux quanta in multiples of 3h¯ simultaneously
to all cavity photons by coupling the photons through flux-threaded cones present in such cavity setup. The
flux transfer is achieved using external light fields with orbital angular momentum and a near-resonant dense
atomic medium as mediator. Furthermore, coupling the cavity fields to a Rydberg state in a configuration
supporting electromagnetically induced transparency, fractional quantum Hall states can be prepared. To this
end a growing protocol is used consisting of a sequence of flux insertion and subsequent single-photon insertion
steps. We discuss specifically the growing of the ν = 1/2 bosonic Laughlin state, where we first repeat the flux
insertion twice creating a double quasi-hole excitation. Then, the hole is refilled using a coherent pump and the
Rydberg blockade.
PACS numbers:
I. INTRODUCTION
Over the last few years, there has been a remarkable
progress in the experimental realization and study of topo-
logical models for photons [1, 2]. Prominent examples are
the creation of topological band structures in systems of cou-
pled optical waveguides [3–5] and resonators [6]. Photonic
systems offer a number of potential advantages for spatially
and time-resolved manipulation and detection of topological
states. The ability to create strong interactions by coupling
photons to Rydberg states [7–9] offers furthermore the pos-
sibility to study many-body topological effects such as frac-
tional quantum Hall physics or fractional Chern insulators
[10–13]. To obtain sufficiently large interaction gaps, lattice-
free systems are preferable. Since the presence of an effec-
tive magnetic field is equivalent to a Coriolis force in a plane
perpendicular to the field, it can be created by rotation in con-
tinuous systems, as is used for ultra-cold neutral atoms [14–
17]. To apply this technique to photons, however, requires
either to make use of the drag effect of a rotating dispersive
medium [18, 19] or to enforce an effective rotation using non-
planar ring resonators that induce a rotation of light rays about
the optical axis on each round trip, as is shown in Fig. 1(a).
The latter technique has recently been experimentally imple-
mented leading to the first demonstration of synthetic Landau
levels (LL) for photons [20, 21]. Photons in such optical cav-
ities provide an excellent experimental platform for the real-
ization of fractional quantum Hall physics due to the effective
two-dimensional motion as well as the enhanced optical non-
linearity caused by mode confinement and cavity-enhanced
interaction time [22].
In this paper we discuss the creation of photonic Laugh-
lin (LN)-type ground states in the setup of Ref. [20], using
the growing technique suggested in [23, 24]. A key feature
of the scheme is the controlled insertion of single photon and
magnetic flux quanta into the cavity system. The latter cre-
ates a quasi-hole excitation in the center of the system and
subsequently transfers the right amount of angular momen-
tum. Then the hole is refilled by a coherent laser field creating
a LN-type ground state. Besides being efficient our growing
scheme has the advantage as compared e.g. to that suggested
in [25] that quasi-holes created by photon decay are continu-
ously pumped to the periphery of the LN-droplet, allowing to
prepare a quantum-Hall liquid which is almost defect free in
the center. The main challenge of the scheme is to insert an
integer amount of flux quanta. For this we propose an adia-
batic method for transferring external orbital angular momen-
tum (OAM) from classical light beams to the cavity photons
by using light-matter interaction as a mediator. Specifically
we consider the interaction between an ensemble of four-level
atoms coupled to the cavity field and classical light and show
that the adiabatic transfer of OAM to the cavity photons can be
achieved by using stimulated Raman adiabatic passage (STI-
RAP) [26] with Laguerre-Gauss laser beams. The transfer
is facilitated by an infinite set of cavity dark-state polaritons
which are a superposition of light and collective matter exci-
tations.
In order to realize a single photon coherent pump, the pho-
tonic cavity modes are coupled to a high lying Rydberg state
of an atomic medium under conditions of electromagnetically
induced transparency [7, 27, 28], which leads to a strong pho-
ton nonlinearity. Employing the resulting photon blockade,
a single photon can be inserted into the system. Repeating
a sequence of magnetic flux and subsequent photon insertion
leads to a growing of the liquid while keeping it in the LN
ground state.
The paper is organized as follows: In Sec. II we introduce
the mode structure of the non-planar cavity. In Section III we
discuss the flux insertion technique. In particular, we show
that the magnetic flux quanta can be inserted into the system
by using successive STIRAP processes. Further we discuss
imperfections which limit the fidelity of our protocol. In Sec.
IV we discuss the insertion of a single photon into the cavity
by using the strong photon-photon interaction and the prepa-
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Figure 1: (Color online) (a) Non-planar resonator consisting of four
mirrors creating an artificial magnetic field for cavity photons. Two
clouds of atoms are used for adiabatic flux insertion and strong in-
teractions mediated by Rydberg atoms. (b) Structure of the photonic
Landau levels labeled by orbital angular quantum number l and ra-
dial quantum number n. Here ∆n,α is the frequency of the mode
(n,α). The green box indicates the lowest Landau level (LLL). Ini-
tially, photons are pumped into the cavity mode with n = l = 0 (red
arrow). Then, adiabatic flux insertion transfers orbital angular mo-
mentum from a classical light beam to cavity photons increasing the
total angular momentum (blue arrow). (c) The density plot of the
first three cavity modes in the LLL with angular momentum l = 0,
l = 3 and l = 6.
ration of LN-type photon states using the growing technique.
Finally, in Sec. V we summarize our findings.
II. PHOTON CAVITY SETUP
We consider the resonator system realized in Ref.[20] and
shown in Fig. 1(a). The transversal confinement of pho-
tons by four curved mirrors of a ring resonator creates a two-
dimensional gas of photons trapped in a harmonic potential
with an effective mass. The non-planar geometry leads to a
rotation of the transverse mode profile in a single roundtrip
which is equivalent to the action of an effective magnetic field
pointing in the direction of propagation plus an anti-binding
centrifugal potential [21]. For sufficiently strong rotation the
anti-binding potential can compensate the harmonic confine-
ment and photonic Landau levels emerge. Such a configu-
ration is however unstable and sensitive to astigmatism. In-
creasing the effective rotation even further eventually leads
to another level configuration with large degeneracy, see Fig.
1(b). Here all cavity modes fn,l(r,φ) with angular momentum
l = 3m+α , where m is integer value have the same frequency
∆n,α for a given radial quantum number n and fixed value of
α = 0,1,2. The transverse pattern of modes has a three-fold
symmetry. We use the term lowest Landau level (LLL) re-
ferring to the degenerate modes with radial quantum number
n = 0 and α = 0 (i.e. l = 0,3,6, . . .). The photonic Landau
levels are described by the Hamiltonian
Hˆ0 = h¯
2
∑
α=0
∞
∑
n,m=0
∆n,α aˆ
†
n,3m+α aˆn,3m+α . (1)
Here, aˆ
†
n,l and aˆn,l are the creation and annihilation operators
of a cavity photon in mode fn,l . It is convenient to express the
cavity field operator Eˆ = ∑2α=0 ∑n Eˆn,α as
Eˆn,α(r,φ) =
∞
∑
m=0
fn,3m+α(r,φ)aˆn,3m+α . (2)
The cavity mode functions fn,l are described by the Laguerre-
Gauss (LG) eigenmodes that carry orbital angular momentum
h¯l in the transverse plane,
fn,l(r,φ) =Cn,l x
|l|eilφ e−x
2
L
|l|
n
(
2x2
)
. (3)
Here x = r/w0, with w0 being the cavity waist Cn,l =√
2|l|+1n!/pi(|l|+ n)!(1/w0), and L|l|n (x) are the LG polyno-
mials. The mode functions fn,l fulfill the orthogonality rela-
tion ∫ 2pi
0
dφ
∫ ∞
0
dr r f ∗n,l(r,φ) fn′ ,l′(r,φ) = δl,l′δn,n′ . (4)
We note that all modes except l = 0 have a vanishing ampli-
tude at the origin r = 0 and thus do not couple to atoms in the
center of the transverse mode profile.
III. FLUX INSERTIONWITHOUT INTERACTION
A. Principle
The flux insertion protocol outlined below will lead to a
controlled parallel transfer of photons from modes aˆ0,3m to
aˆ0,3m+3 increasing the angular momentum per photon by 3h¯.
To avoid any direct coupling between these two modes, which
would lead to errors, we split the process into two successive
steps:
i) : aˆ0,3m→ aˆ0,3m+1, ii) : aˆ0,3m+1→ aˆ0,3m+3. (5)
Light beams with OAM have already been successfully used
to transfer angular momentum to an atomic medium [29].
Here we transfer orbital angular momentum from an external
light beam to the cavity photons utilizing an atomic medium
as a mediator. We consider atoms with four relevant states
coupled to the cavity field and external coherent driving fields
carrying orbital angular momentum l and with Rabi frequen-
cies Ω¯l as indicated in Fig. 2(a). The frequencies of all cavity
modes with n 6= 0 (see Fig.1(b)) are assumed to be far away
from all atomic resonances and coupling to them is thus disre-
garded. In order to be able to switch on and off the coupling of
the remaining cavity modes with n= 0 to the atomic medium,
we assume furthermore that also these transitions are suffi-
ciently far away from single-photon resonance but that all Ra-
man transitions are in two-photon resonance. In this way there
is no interaction of the cavity field with the atomic medium in
the absence of the classical driving fields.
In the first step (i) two classical laser fields, Ω¯−1(r,φ , t)
and Ω¯0(r, t), which carry a net OAM of 1h¯ are applied to the
atomic system. As a result a set of dark-state polaritons is
created in the subspace of states with n = 0 which are mix-
tures between the cavity field operators aˆ0,3m and aˆ0,3m+1 and
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Figure 2: (Color online) (a) The atomic level structure consists of
two meta-stable levels |g〉, |s〉 and two excited levels |e〉 and |r〉. (b)
System initially prepared in state with l = 0. In the first stage of the
protocol, the cavity modes l= 0 and l= 1 drives the transitions |g〉↔
|e〉, |g〉 ↔ |r〉 with coupling strength g0 and g1, while the laser fields
Ω1(t), Ω0(t) couple the transitions |e〉 ↔ |s〉, |s〉 ↔ |r〉. We assume
that the laser field Ω1 has an orbital angular momentum −1h¯. As a
consequence of this the initial photon in the l = 0 mode is transferred
to the l = 1 mode using STIRAP technique. In the second step, the
photon in the l = 1 mode is transferred to the l = 3 mode which
belongs to the LLL manifold. This transition is performed by using
the same atomic level structure, but with new Rabi frequency Ω2
which carriers OAM 2h¯. (c) Density plots of the classical driving
fields. We assume that Ω0 Rabi frequency has a Gaussian shape with
l = 0. The other two classical laser fields carry OAM, and thus have
vanishing intensity at the center.
the corresponding matter components. By using time-varying
laser fields in a STIRAP counterintuitive pulse order, photons
are absorbed from modes aˆ0,3m and successively created in
modes aˆ0,3m+1. In this step an OAM of 1h¯ is transferred to
each cavity photon in parallel.
In the second step (ii) classical light field Ω¯0(r, t) and
Ω¯2(r,φ , t) with net OAM of 2h¯ are used which leads to the
formation of a new set of dark-state polaritons now involving
mode operators aˆ0,3m+1 and aˆ0,3m+3, see Fig. 2(b). In this step
adiabatic following of the dark-state polariton transfers OAM
of 2h¯ to each cavity photon. By successively repeating the
processes one can increase the angular momentum of all oc-
cupied cavity modes in the lowest Landau levels in multiples
of 3h¯.
B. Atom-Field Interaction
Consider an ensemble of atoms with a four-level atomic
structure interacting with the cavity field as well as with an ex-
ternal classical light with OAM, Fig. 2(a). Here the transitions
|g〉↔ |e〉 and |g〉↔ |r〉 are coupled to the cavity fields Eˆ0,0 and
Eˆ0,1, while the atomic transitions |s〉 ↔ |e〉 and |s〉 ↔ |r〉 are
driven by classical light fields with time-dependent Rabi fre-
quencies Ω¯l(r,φ , t) and Ω¯0(r, t). The coupling Hamiltonian is
given by
Hˆ = Hˆ0+ Hˆδ + Hˆc, Hˆδ = h¯δ
∫
d2r(σee+σrr),
Hˆc =−h¯
∫
d2r
[ ∞
∑
m=0
g3m f0,3m(r,φ)aˆ3mσeg+ Ω¯lσes
+Ω¯0σsr+
∞
∑
m=0
g3m+1 f0,3m+1(r,φ)aˆ3m+1σrg+ h.c.
]
. (6)
Here and in the following we have dropped the radial index
n of the cavity modes, since only the lowest Landau modes
with n = 0 are relevant. The coupling strength gl are given
by the atomic transition dipole matrix elements deg and drg of
the E0,0 and E0,1 transitions, respectively, and overlap integrals
with the mode functions
g3m ∼ deg
∫ 2pi
0
dφ
∫ ∞
0
dr r fn,3m(r,φ)n(r),
g3m+1 ∼ der
∫ 2pi
0
dφ
∫ ∞
0
dr r fn,3m+1(r,φ)n(r), (7)
where n(r) is the atomic density. As mentioned above, all
transitions are assumed to be away from single-photon res-
onance with detuning δ but in respective two-photon reso-
nance, such that turning off the classical light fields amounts
to switching off the interaction of the cavity modes with the
atoms altogether. We assume ∆n 6=0,α to be so large that
the respective coupling can be disregarded. In Eq. (6) we
have introduced the standard continuous atomic flip opera-
tors σµ,ν(~r, t) =
1
∆V ∑ j∈∆V |µ j〉〈ν j | defined on a small vol-
ume ∆V centered around position~r containing ∆N≫ 1 atoms
which fulfill the commutation relations [σα ,β (~r),σµ,ν (~r
′)] =
δ (~r−~r′)(δβ ,µσα ,ν(~r)− δα ,νσµ,β (~r)). In the following we
are only interested in the weak probe regime meaning that
to lowest order atoms remain in their ground state, therefore
σ
(0)
gg ≈ 1 [30]. Thus, the only relevant operators for our discus-
sion are the coherence of excited and ground states, Pˆ = σge
and Rˆ= σgr and the coherence between the two ground states
Sˆ = σgs. In the weak probe regime, these operators fulfill the
commutation relation [Aˆ(~r), Aˆ†(~r′)] = δ (~r−~r′) for Aˆ= Pˆ, Rˆ, Sˆ.
It is convenient to decompose them also into the LG basis (3)
Aˆ(r,φ) =
∞
∑
n,l=0
Aˆn,l fn,l(r,φ).
In the following we discuss in details the two steps of the flux
insertion protocol.
C. First step
In the first step of the flux insertion scheme we assume that
the laser field Ω¯l(r,φ , t) in Eq. (6) has l = 1, i.e. carries an
orbital angular momentum−1h¯ such that
Ω¯1(r,φ , t) = Ω1(t)κ(x)e
−iφ , (8)
with x = r/w0. The spatial profile κ(x) will be chosen such
that transitions to collective atomic states with n > 0 are
4highly suppressed as we will show below. The latter is es-
sential for our flux insertion scheme leading to a closed set of
coupled states with different angular momentum l but radial
quantum number n= 0 only.
The coupled system of Heisenberg-Langevin equations in
the linear response regime are given by
d
dt
Pˆn,3m =−(iδ + γ)Pˆn,3m+ iΩ1
∞
∑
n′=0
χn,n
′
3m Sˆn′,3m+1
+ig3maˆ3mδn,0+ Fˆ
(p)
n,3m,
d
dt
Sˆn,3m+1 = iΩ
∗
1
∞
∑
n′=0
(
χn
′,n
3m
)∗
Pˆn′,3m+ iΩ0Rˆn,3m+1,
d
dt
Rˆn,3m+1 =−(iδ + γ)Rˆn,3m+1+ iΩ∗0Sˆn,3m+1
+ig3m+1a3m+1δn,0+ Fˆ
(r)
n,3m+1,
d
dt
aˆ3m = ig3mPˆ0,3m,
d
dt
aˆ3m+1 = ig3m+1Rˆ0,3m+1, (9)
where we use the orthogonality of the LG modes and have
again dropped the radial index for the cavity modes. Here γ is
the spontaneous decay rate from the excited states |e〉 and |r〉
which we assume for simplicity to be equal. Fˆ
(p)
n,l and Fˆ
(r)
n,l de-
note the respective Langevin noise operators which are delta-
correlated in time and space. In the linear response regime,
the population of the excited states is negligible, which al-
lows to neglect the Langevin noise terms. Note that we also
disregarded the cavity decay in our discussion. They will be
discussed however in Sec IV. The matrix elements of the cou-
plings between the states with radial quantum numbers n and
n′ are given by
χn,n
′
3m =
∫ 2pi
0
dφ
∫ ∞
0
dr rκ(x)e−iφ f ∗n,3m(r,φ) fn′ ,3m+1(r,φ).
One recognizes from the coupled system (9) that there is in
general a coupling between modes with different radial index
n. We now choose the spatial profile of Ω¯1 in such a way that
couplings from the n= 0 spin modes Sˆ0,3m+1 to higher modes
with n′ > 0 are highly suppressed, i.e. that χn,03m ∼ δ0,n. This
can be achieved if
κ(x)e−iφ f0,3m+1(r,φ) ∼ f0,3m(r,φ), (10)
which would imply κ(x) ∼ 1/r. This choice of the spatial
profile is however not possible since Ω¯1 carries a nonvanishing
OAM and thus must vanish for r→ 0. Thus we choose
κ(x) =
x2
a3+ x3
, (11)
with a = r0/w0 and r0 ≪ w0 is some cut-off length. We note
that there is no choice of spatial profile that simultaneously
perfectly suppresses the coupling of the n= 0 optical polariza-
tion modes Pˆ0,3m to modes with n
′ > 0. We will see however,
that this is not necessary.
Let us first discuss the limiting case a→ 0. Then the cou-
pling coefficient between spin and optical polarization within
the LLL reads
χ0,03m =
√
2
3m+ 1
. (12)
At the same time, while the couplings χ0,n
′
3m between the LLL
(n= 0) with higher LL (n′ ≥ 1) are all of order unity
χ0,n
′
3m = O(1), (13)
the couplings
|χn′,03m | ∼ a2 ≪ χ0,03m , (14)
are strongly suppressed in the limit a→ 0 (see Appendix A).
In the following we therefore neglect the latter couplings but
will discuss their effect later on. Then the system of coupled
equations simplifies to
d
dt
Pˆ0,3m =−(iδ + γ)Pˆ0,3m+ i
√
2
3m+ 1
Ω1Sˆ0,3m+1
+iΩ1
∞
∑
n′>0
χ0,n
′
3m Sˆn′,3m+1+ ig3maˆ3m,
d
dt
Sˆ0,3m+1 = i
√
2
3m+ 1
Ω1Pˆ0,3m+ iΩ0Rˆ0,3m+1,
d
dt
Rˆ0,3m+1 =−(iδ + γ)Rˆ0,3m+1+ iΩ∗0Sˆ0,3m+1+ ig3m+1aˆ3m+1,
d
dt
aˆ3m = ig3mPˆ0,3m,
d
dt
aˆ3m+1 = ig3m+1Rˆ0,3m+1. (15)
It is straightforward to show that from the coupled system (15)
one can construct a dark-state polariton which is a constant of
motion in the adiabatic limit
Ψˆ
(1)
m =
1
Nm
{
g3m+1
√
2
3m+ 1
Ω1 aˆ3m+ g3mΩ0aˆ3m+1
−g3mg3m+1Sˆ0,3m+1
}
, (16)
where Nm(t) is the normalization factor.
Eq. (16) shows that the light-matter interaction leads to the
creation of an infinite set of dark-state polaritons labeled by
the index m which are a superposition of cavity-field opera-
tors aˆ3m, and aˆ3m+1 and corresponding collective ground-state
coherences. Moreover, the dark-state polaritons have no con-
tribution from the excited atomic states and thus are naturally
immune to spontaneous decay.
Now a fully adiabatic transfer of excitations can be per-
formed using a STIRAP protocol. As long as Ω1(ti) ≫
Ω0(ti)
√
3m+1
2
g3m
g3m+1
,g3m the dark-state polaritons coincide
with the initial state Ψˆ
(1)
0,m(ti) ≃ aˆ0,3m. Adiabatic follow-
ing transfers the dark-state polaritons into Ψˆ
(1)
0,m(t1)≃ aˆ0,3m+1
5if Ω0(t1)≫ Ω1(t1)
√
2
3m+1
g3m+1
g3m
,g3m+1 which concludes the
first step of the protocol. Thus at time t1 the population from
all modes aˆ0,3m of the LLL is transferred in parallel to modes
aˆ0,3m+1 which belong to an excited Landau manifold with
α = 1.
So far we have discussed the limit a→ 0. Taking into ac-
count a small, but finite value of a leads to some small residual
couplings to collective atomic modes with higher radial index
n′ > 0. Since for those modes no dark state exists this cou-
pling leads to some losses, which will be discussed in Sec.
III E.
In order to return the population back to the LLL manifold
we repeat the same procedure as above using the same atomic
structure but with new Rabi frequency Ω¯2(t) as we explain in
the following.
D. Second step
The goal of the second step is to insert 2 flux quanta and
thus to return the photon to the LLL manifold. In order to
perform this we assume that the transition |e〉 ↔ |s〉 is driven
with Rabi frequency
Ω¯2(r,φ , t) = Ω2(t)κ˜(x)e
2iφ , (17)
which carriers orbital angular momentum 2h¯. Consequently,
the coupled system is similar to Eq. (9)
d
dt
Pˆn,3m+3 =−(iδ + γ)Pˆn,3m+3+ iΩ2
∞
∑
n′=0
χ˜n,n
′
3m+3Sˆn′,3m+1
+ig3m+3aˆ3m+3δn,0+ Fˆ
(p)
n,3m+3,
d
dt
Sˆn,3m+1 = iΩ
∗
2
∞
∑
n′=0
(
χ˜n
′,n
3m+3
)∗
Pˆn′,3m+3+ iΩ0Rˆn,3m+1,
d
dt
Rˆn,3m+1 =−(iδ + γ)Rˆn,3m+1+ iΩ∗0Sˆn,3m+1
+ig3m+1a3m+1δn,0+ Fˆ
(r)
n,3m+1,
d
dt
aˆ3m+3 = ig3m+3Pˆ0,3m+3,
d
dt
aˆ3m+1 = ig3m+1Rˆ0,3m+1, (18)
with new coupling matrix elements,
χ˜n,n
′
3m =
∫ 2pi
0
dφ
∫ ∞
0
dr rκ˜(x)e2iφ f ∗n,3m(r,φ) fn′ ,3m−2(r,φ).
(19)
We now choose the spatial profile of κ˜(x) in such a way that
couplings from the n= 0 spin modes Sˆ0,3m+1 to higher modes
with n′ > 0 are highly suppressed, i.e. that χ˜n,03m+3 ∼ δ0,n. This
can be achieved if
κ˜(x)e2iφ f0,3m−2(r,φ)∼ f0,3m(r,φ). (20)
Thus we can simply set
κ˜(x) = x2. (21)
Note that with this choice all couplings of spin coherences
Sˆ0,3m+1 to higher states with n
′ > 0 are exactly cancelled such
that there are no undesired residual couplings. One has
χ˜n
′,0
3m+3 =
1
2
√
(3m+ 3)!
(3m+ 1)!
δ0,n′ , (22)
and the coupled system for the second stage of the protocol
becomes
d
dt
Pˆ0,3m+3 =−(iδ + γ)Pˆ0,3m+3+ iΩ2χ˜0,03m+3Sˆ0,3m+1,
+iΩ2
∞
∑
n′>0
χ˜0,n
′
3m+3Sˆn′,3m+1+ ig3m+3aˆ3m+3,
d
dt
Sˆ0,3m+1 = iΩ
∗
2 χ˜
0,0
3m+3Pˆ0,3m+3+ iΩ0Rˆ0,3m+1,
d
dt
Rˆ0,3m+1 =−(iδ + γ)Rˆ0,3m+1+ iΩ∗0Sˆ0,3m+1+ ig3m+1aˆ3m+1,
d
dt
aˆ3m+3 = ig3m+3Pˆ0,3m+3,
d
dt
aˆ3m+1 = ig3m+1Rˆ0,3m+1. (23)
The adiabatic eigensolution of the coupled system (23) now
are given by
Ψˆ
(2)
m =
1
N˜m
{
g3m+1
Ω2
2
√
(3m+ 3)!
(3m+ 1)!
aˆ3m+3+ g3m+3Ω0aˆ3m+1
−g3m+3g3m+1Sˆ0,3m+1
}
. (24)
At time t1 which is now the initial time for the second step the
dark polariton (24) coincides with Ψˆ
(2)
0,m(t1) ≃ aˆ3m+1 as long
as Ω0(t1)≫Ω2(t1) 12
√
(3m+3)!
(3m+1)!
g3m+1
g3m+3
,g3m+1. Adiabatically in-
creasing Ω2(t) drives the system into Ψˆ
(2)
0,m(t f ) ≃ aˆ3m+3 if
Ω2(t f )≫ 2
√
(3m+1)!
(3m+3)!
Ω0(t f )
g3m+3
g3m+1
,g3m+3 which concludes the
second step. In total, the flux insertion protocol transfers or-
bital angular momentum in multiples of 3h¯ to all cavity modes
of the LLL in parallel.
E. Imperfections
In the following we discuss the corrections that limit the
fidelity of the adiabatic flux insertion. There are two main
sources of imperfections. The first one are the residual off
resonant couplings χn
′,0
3m to cavity modes with n
′ > 0. The
second one is the violation of adiabaticity, in particular in the
center of the atomic cloud, due to the vanishing amplitude of
the classical light fields Ω¯l with l 6= 0.
1. Residual couplings to higher collective atomic levels with n> 0
At the first stage of the scheme the residual coupling
Sˆ0,3m+1 ↔ Pˆn,3m with n 6= 0 which we neglected in Eq. (15)
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Figure 3: (Color online) (a) The expectation values of aˆ0,l (l= 0,1,3)
versus time. The exact result for aˆ0,0 and aˆ0,1 (blue lines) accord-
ing the coupled system Eq. (9) including the residual couplings for
a= 10−2. The red lines show the time-evolution of aˆ0,1 and aˆ0,3 ac-
cording the coupled system Eq. (18). We choose a time-dependent
Rabi frequencies (26) and (27) with Ω = 2pi×12.4 MHz and cavity
couplings g= 2pi×0.45 MHz. The other parameters are set to γ = 0,
δ = 2pi×0.13 MHz and T = 1 µs. (b) The expectation value of aˆ0,1
at time t1 against Ω for a = 0.01 (blue line), a = 0.015 (red line),
a= 0.02 (black line).
leads to excitations of state |e〉which spoils the adiabatic tran-
sition. We find that in the lowest-order this coupling strengths
scale as
χn
′,0
0 ≃−
8pi
3
√
2
3
a2, (25)
for m = 0 and become even smaller for higher m. Thus the
condition a≪ 1 ensures the suppression of the undesired cou-
plings to excited LL.
As an example let us consider the following time-dependent
Rabi frequencies
Ω¯1(r,τ) = κ(x)
Ω√
1+ eτ
, Ω¯0(τ) =
Ω√
1+ e−τ
, (26)
which can be used to drive the first stage of the scheme. Here
Ω is the peak-Rabi frequency and τ = t/T where T is the
characteristic pulse length. Assume that the pulses are applied
in counterintuitive order in the time interval [−τ1,τ1] such that
Ω1(−τ1)≫Ω0(−τ1) and respectively Ω1(τ1)≪Ω0(τ1). For
the second stage we use
Ω¯2(r,τ) = x
2 Ω√
1+ e2τ1−τ
, Ω¯0(τ) =
Ω√
1+ eτ−2τ1
, (27)
which guarantees that Ω2(τ f )≫Ω0(τ f ). In Fig. 3(a) we plot
the exact time evolution of the probabilities for adiabatic tran-
sition. As can be seen, including small cut-off length a the
respective residual couplings do not affect the adiabatic flux
insertion. Increasing the peak Rabi frequency Ω further sup-
presses the non-adiabatic transition, see Fig. 3(b).
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Figure 4: (Color online) Fidelity of the flux insertion scheme versus
the peak Rabi frequency ΩT and cavity coupling gT according Eq.
(32). We assume Gaussian distribution of the atomic density. The
parameters are γT = 100, and a= 0.005 and ξ = 0.25w0.
2. Non-adiabatic losses
The orbital angular momentum transferred to the cavity
photons in the flux insertion is taken from the classical laser
fields Ω¯l with l 6= 0. These fields have necessarily a vanishing
intensity at the origin r = 0 and thus adiabaticity is violated
in the center of the atom cloud. Instead of following adiabati-
cally the dark state polariton, atoms close to the center will be
excited into the intermediate states due to absorbtion of cavity
photons. As a consequence of that there is a leak of population
from the dark state subspace during both steps of the protocol.
In the following we assume a worst-case scenario where the
optical fields are on resonance. The finite detuning δ further
suppress errors.
The total amount of non-adiabatic losses can be obtained
by calculating the number of atoms not returning to the initial
state after a full cycle of the protocol. The probability of an
atom at distance r from the center to remain in the adiabatic
state during the first stage of the protocol can be estimated as,
see Appendix B
e1(~r) = exp
{
−2γ
g2
∫ t1
ti
dt
(
ϕ˙21 sin
2(θ1)+ θ˙
2
1 cos
2(θ1)
)}
,
(28)
where we have assumed for simplicity that g3m = g3m+1 =
g. Here ϕ1(r, t) = tan
−1 (Ω¯0(t)/Ω¯1(r, t)) and θ1(r, t) =
tan−1
(√
Ω¯21(r, t)+ Ω¯
2
0(r, t)/g
)
are the time-dependent mix-
ing angles. For the Rabi frequencies (26) one can evaluate the
probability (28), see Appendix B.
Similarly, the probability for an atom at position r
7in the dark state subspace during the second stage is given by
e2(~r) = exp
{
−2γ
g2
∫ t f
t1
(
ϕ˙2
2 sin2(θ2)+ θ˙2
2
cos2(θ2)
)}
,
(29)
where now ϕ2(r, t) = tan
−1 (Ω¯2(r, t)/Ω¯0(t)) and θ2(r, t) =
tan−1
(√
Ω¯22(r, t)+ Ω¯
2
0(t)/g
)
.
The total probability for all atoms to stay in the dark state
after a full cycle of operation thus reads
p =
∫
d2r n(~r)e1(~r)e2(~r)∫
d2r n(~r)
. (30)
Furthermore one has to take into account that the system is
prepared at the beginning of a full cycle in a state with a single
photon in mode f0,0 and all atoms in the ground state |g〉. This
state does not have a perfect overlap with the dark state, but
the latter reads
pin =
1
N
∫
d2r
Ω2κ2(r)
g2+Ω2κ2(r)
n(~r), (31)
where we have used that initially Ω¯0(ti) = 0.
This gives for the fidelity of the flux insertion
F = p · pin. (32)
In Fig. 4 we have plotted the fidelity as a function of the
peak Rabi frequency ΩT and the cavity coupling gT assum-
ing Gaussian distribution of the density of atoms, n(r) =
n0e
−r2/ξ 2 with n0 = N/piξ 2. As can be expected increasing
gT compared to γT leads to smaller absorption length which
improves the fidelity. However, for sufficiently high gT com-
pared to ΩT the respective overlap between the initial state
and the dark state becomes smaller which limits the fidelity.
IV. LAUGHLIN STATE PREPARATION
Now, we discuss the preparation of Laughlin-type states in
a setup of cavity Rydberg polaritons. Following Refs. [23,
24], a Laughlin state can be grown by the successive repetition
of adiabatic flux insertion (see Sec. III) and a single-photon
coherent pump, discussed below.
A. Rydberg Cavity Polaritons and Laughlin State
To realize a fractional quantum Hall system requires be-
sides the artifical magnetic field, discussed in Sec. II and Ref.
[20], strong interactions between the photonic cavity modes
in the lowest photonic Landau level,
Hˆint = ∑
l1,l2
∑
l3,l4
V
l1,l2
l3,l4
aˆ
†
l1
aˆ
†
l2
aˆl3 aˆl4 , (33)
where li = 3m and m= 0,1, . . .. This Hamiltonian can be real-
ized by coupling the cavity field Eˆ0,0 to a high-lying Rydberg
state in an EIT configuration [8, 27, 28]. In recent cavity ex-
periments the strong nonlinearity on the single photon level
was demonstrated [31, 32]. The Rydberg cavity polaritons
have an effective interaction potential V (r) = C6/(r
6 + a6B).
Here,C6 is the effective interaction strength and aB is the Ry-
dberg blockade radius. Although the opposite regime is very
interesting on its own right [33], we assume in the following
the case where the magnetic length lB = w0/2 is much larger
than aB. In this limit the dominant interaction contribution
comes from the zero’s Haldane pseudo potential [33]
V0 ≃ 3C6
8l2Ba
4
B
, (34)
which determines all interaction coefficients [34]
V
l1,l2
l3,l4
= 〈l1, l2|Vˆ |l3, l4〉
≃ V0
2
(l1+ l2)!
√
2−2(l1+l2)
l1!l2!l3!l4!
δl1+l2,l3+l4 . (35)
We assume for the interaction coefficients V
l1,l2
l3,l4
≪ |∆0,1 −
∆0,0|, i.e. they are small compared to the energy gap between
the Landau levels to avoid mixing of states in different Landau
level.
The combination of the photonic Landau Level Eq. (1) and
the strong photon nonlinearity Eq. (33) lead to a set of de-
generate low energy states with total angular momentum L
depending on the photon number N [20, 22, 35]. For a given
photon number N the zero energy state with lowest total an-
gular momentum,
〈z1, . . . ,zN |LN,N〉= ∏
i< j
(z3i − z3j)2, (36)
is a unique ground state of the system [35], which resem-
bles a Laughlin-type state. We here have dropped the ubiqui-
tous Gaussian factor and the normalization constant [20, 35].
The two-dimensional coordinate is z j = x j − iy j. The to-
tal angular momentum of the state (36) with N photons is
Lˆ|LN,N〉 = 3N(N− 1)|LN,N〉. In addition, we consider here
the mth quasi-hole states with N photons
〈z1, . . . ,zN |mqh〉= ∏
k
z3mk ∏
i< j
(z3i − z3j)2, (37)
having total angular momentum Lˆ|mqh,N〉 = 3
2
mN(N +
1)|mqh,N〉. It is straightforward to show that the Laughlin-
type state with N+ 1 photons has the same total angular mo-
mentum as the 2-quasi-hole state with N photons.
B. Full Protocol
Single Photon Pump. – We consider a coherent pump
which injects a single photon into the mode aˆ0. This implies
that there is no transfer of angular momentum into the sys-
tem. We assume that an external laser field is applied with
mode profile matching the l = 0 angular momentum state,
HˆΩp = Ωp(aˆ
†
0e
−iωt + aˆ0eiωt). (38)
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Figure 5: (Color online) The growing scheme which is used for the
preparation of the Laughlin-type states consists of two steps. (i) Co-
herent pump of a single photon in the ground state of the cavity by
using the non-linear photon-photon interaction. (ii) Increase of an-
gular momentum per particle by 6 (flux insertion). Repeating the two
steps to grow a photon Laughlin-type state.
Here Ωp is the driving pump Rabi frequency into the cavity
and ω is the oscillation frequency which we assume to be in
resonance with respect to the energy of the LLL, i.e. ω =∆0,0.
Without the interaction Eq. (33) the Hamiltonian (38) creates
a coherent amplitude of the photonic mode which contains
a superposition of many photons. However, strong photon
blockade ensures the insertion of a single photon requiring
Ωp ≪ V0,∆LN, where ∆LN ≃ 0.2V0 is the many body gap of
the system. Note that the Laughlin gap only slightly depends
on the photon number N. Starting from a 2 quasi-hole state
|2qh,N〉, we use a pi-pulse of time τp = pi/2Ω(N) where
Ω(N) = Ωp〈LN,N+ 1|aˆ†0|2qh,N〉 (39)
is the coupling between the quasi-hole and Laughlin state [23,
24], to insert a single photon.
Adiabatic Flux Insertion.– In Sec. III we discussed the
noninteracting case for inserting flux quanta by transferring
all photons to the first Landau level and then back to the
LLL. Now, in the interacting case we require adiabaticity
∆LNτf ≫ 1, where the many-body gap ∆LN should not van-
ish during flux insertion. To this end we couple the photonic
cavity field Eˆ0,1 in the first Landau level using an EIT scheme
to a Rydberg state as well. This ensures to maintain a finite
many-body gap ∆LN. For simplicity we assume the same in-
teraction potential V (r) as before. Now, in Eq. (33) we sum
over all photonic modes in the lowest and first Landau level.
Protocol.– The growing scheme is depicted in Fig. 5. It
starts by preparing the cavity with no photon. Then in the
first step a single photon in mode aˆ0 is pumped into the cav-
ity |0〉 → aˆ†0|0〉 by using the non-linear interaction Eq. (33).
This state obviously has total angular momentum L= 0. Next
we repeat the flux insertion scheme in Sec. III two times
which realizes the transition aˆ
†
0|0〉 → aˆ†6|0〉 with L = 6. The
latter state is a 2 quasi-hole state with one photon. Now a
second photon is pumped into the cavity. The finite overlap
Ω(1)/Ωp =
√
10/11 with the Laughlin state ensures that we
pump into the ground state of the system. This step creates
a Laughlin state with N = 2 photons. By repeating these two
steps we grow a Laughlin-type state (36) with N photons.
To numerically simulate the full growing protocol is rather
involved, since taking into account all different atomic excita-
tions leads to fast growing of the relevant Hilbert space even
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Figure 6: (Color online) Numerical simulation of growing scheme
for creation of Laughlin states with N = 2 and N = 3 photons. The
system is prepared initially in a state with no photon. The red ar-
row indicates the time at which the coherent pump is applied. The
angular momentum per photon is increased by repeating twice the
flux insertion. The probabilities are pm = |〈ψ|a†m|0〉|2, and respec-
tively pLN,N and pmqh,N are the probabilities for Laughlin state and
mth quasi-hole state. The adiabatic flux insertion method for numer-
ical simulation is explained in Appendix C. The parameters are set to
∆0/V0 = 10, Ωp/V0 = 1/20, ga/V0 = gb/V0 = 1/5.
for few excitations. Therefore we simplify the protocol re-
ducing it to the essential components, namely the adiabatic
increase of angular momentum of the cavity modes by flux in-
sertion and subsequent photon insertion. The simplified flux
insertion method used for the simulation relies solely on the
photonic cavity modes and is therefore amenable to numeri-
cal simulations by exact diagonalization. Specifically we con-
sider a direct coupling between the lowest and first Landau
level and change the energies of the Landau levels in time.
This resembles a rapid adiabatic passage sweep. In Appendix
C we explain the method in detail. In Fig. 6 we show a nu-
merical simulation of the full protocol for the preparation of
Laughlin states up to three photons. After three steps of the
protocol we obtain a LN state with three photons with proba-
bility |〈ψ |LN,3〉|2 ≈ 0.97.
Finally, let us comment on the fidelity of our scheme. On
the one hand, in the flux insertion process, see Sec. III E, the
imperfections come from non adiabatic transitions, which re-
quires Ωlτf ≫ 1,∆LNτf ≫ 1. On the other hand, in the co-
herent pump the imperfections come from coupling to higher
photon number states which require ∆LNτp ≫ 1. While both
favor large timescales τ = 2τf+ τp for each step in the grow-
ing protocol, losses limit the timescale τ . We take into account
the effect of cavity losses as well as the finite lifetime of the
Rydberg state by an effective loss rate γeff. As shown in Ref.
[23, 24], the fidelity for the creation of an N-photon Laughlin
state then scales as
FN ≃ exp
[
−1
2
N
(
1
2
γeffτ(N+ 1)+
Λ2N
(∆LNτ)2
)]
, (40)
where ΛN depends on photon number N. Note that our pro-
9tocol first creates a hole excitation in the center and then re-
fills the hole. Repeating the steps of the protocol photons are
pumped continuously into the center of the system. Defects
created by losses will be continuously pumped to the periph-
ery of the system and we expect that a much higher fidelity
can be achieved in the steady state in the center of the cavity.
V. DISCUSSION AND OUTLOOK
In summary, we discussed an adiabatic transfer protocol to
insert flux quanta in a photonic twisted cavity setup. The
scheme relies on a robust STIRAP technique transferring
OAM of an external classical laser beam to the photonic cav-
ity modes. A dense atomic ensemble hereby acts as a medi-
ator. We show that the transfer can be described by a set of
dark state polaritons between cavity modes with different an-
gular momentum. Furthermore, we discuss imperfections of
the protocol and estimate the fidelity. In addition we discuss
the preparation of Laughlin-type states based on the growing
protocol of Refs.[23, 24]. To this end, we discuss a single
photon pump coupling the cavity field to a high-lying Ryd-
berg state in an EIT configuration. We show that by successive
repetition of flux insertion and coherent pump a Laughlin-type
state can be prepared with high fidelity. Since as compared to
alternative growing protocols [25] in our scheme photons and
thus also loss-induced defects are continuously pumped from
the center to the periphery of the system, we expect to create
Laughlin-type states with much higher fidelity in the center of
the cavity.
The non-local character of the interaction between Ryd-
berg polaritons may lead to other interesting states such as
the Moore-Read Pfaffian [36] in the regime of large mag-
netic fields, where the magnetic length becomes comparable
or smaller than the blockade radius [33]. Furthermore, the co-
herent control may allow to investigate bilayer quantum Hall
phases exploring different photonic Landau levels.
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Appendix A: Coupling Matrix Elements
1. Properties of Laguerre-Gauss Polynomials
The Laguerre-Gauss (LG) polynomials form a complete set
of functions with the following orthogonal condition
∫ ∞
0
e−xxkLkn(x)L
k
m(x)dx=
(n+ k)!
n!
δn,m. (A1)
For n = 0 we have Ll0(x) = 1. The LG polynomials also
obey the recurrence relations Ll−1n (x) = Lln(x)− Lln−1(x) and
∑np=0L
l
p(x) = L
l+1
n (x).
2. First Step
The coupling matrix elements of the first step are
χn
′,n
3m =C
n′,n
3m
∫ ∞
0
e−2x
2
x6m+2κ(x)L3m+1n (2x
2)L3mn′ (2x
2)dx,
(A2)
withC
n′,n
3m = 2
3m+2
√
2n!n′!
(3m+1+n)!(3m+n′)! . Here the function κ(x)
describes the intensity shape of the Rabi frequency Ω¯1. We
choose
κ(x) =
x2
a3+ x3
, (A3)
where a= r0/w0 is the dimensionless cutoff.
a→ 0 limit: Considering first the LLL, i.e. n = 0 and
making the substitution y= 2x2 we have
χn
′,0
3m =
√
2n′!
(3m+ 1)!(3m+ n′)!
∫ ∞
0
e−yy3mL3mn′ (y)dy. (A4)
Using the orthogonality Eq. (A1) we find
χn
′,0
3m =
√
2
3m+ 1
δ0,n′ . (A5)
The general result for the coupling coefficient in the limit a→
0 is
χn
′,n
3m =

√
2(3m+n′)!n!
n′!(3m+1+n)! for n≥ n′,
0 for n< n′.
While the couplings χ0,n
′
3m between the lowest and higher Lan-
dau levels n′ ≥ 1 are of order unity even for a→ 0, all cou-
plings χn
′,0
3m vanish identically.
lowest order corrections in a: The lowest order correction
of χn
′,0
3m in a for m= 0 is
χn
′,0
0 ≈−
8pi
3
√
2
3
a2+O(a3) (A6)
and becomes even smaller for m > 0. Thus as long as a≪ 1
coupling to higher Landau levels is negligible.
3. Second Step
In the second step we choose Ω¯2(r,ϕ , t) = Ω2(t)x
2 e2iϕ ,
such that the coupling strengths become
χ˜n
′,n
3m = C˜
n′,n
3m
∫ ∞
0
e−2x
2
x6m+1L3m−2n (2x
2)L3mn′ (2x
2)dx, (A7)
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with C˜
n′,n
3m = 2
3m+1
√
n!n′!
(3m−2+n)!(3m+n′) . Setting n= 0 and mak-
ing the substitution y= 2x2 we get
χ˜n
′,0
3m =
1
2
√
n′!
(3m− 2)!(3m+ n′)!
∫ ∞
0
e−yy3mL3mn′ (y)dy. (A8)
Finally, using the orthogonality Eq. (A1) we obtain
χ˜n
′,0
3m =
1
2
√
3m!
(3m− 2)!δ0,n′ , (A9)
which implies that the transition to states with n′ > 0 are com-
pletely suppressed.
Appendix B: Non-Adiabatic Losses
Consider the five-level system driven by two cavity fields
g3m and g3m+1 and respectively two classical laser beams Ω1
and Ω0 as is depicted in Fig. 2. Including the spontaneous de-
cay from the two excites states the non-hermitian interaction
Hamiltonian becomes
H =

−iγ Ω1 0 g 0
Ω1 0 Ω0 0 0
0 Ω0 −iγ 0 g
g 0 0 0 0
0 0 g 0 0
 , (B1)
where for simplicity we assume equal cavity couplings g3m =
g3m+1 = g. The time-dependent Schro¨dinger equation reads
ih¯ d
dt
~B=H~B with column vector ~B= [ce,cs,cr,ca1 ,ca2 ]
T com-
prises the diabatic probability amplitudes of the five states.
For γ = 0 the eigen-spectrum of H consists of one zero en-
ergy dark state
|d〉= cos(ϕ)sin(θ )|a0〉+ sin(ϕ)sin(θ )|a1〉− cos(θ )|s〉,
(B2)
two states with energies E± =±g,
|± g〉= 1√
2
(
sin(ϕ)|e〉− cos(ϕ)|r〉± sin(ϕ)|a0〉∓ cos(ϕ)|a1〉
)
(B3)
and two states with energies E±λ = ±λ with λ =√
g2+Ω21+Ω
2
0,
|±λ 〉 = 1√
2
(±cos(ϕ)|e〉+ sin(θ )|s〉± sin(ϕ)|r〉
+cos(ϕ)cos(θ )|a0〉+ sin(ϕ)cos(θ )|a1〉)(B4)
Here the states |a j〉 ≡ |g〉aˆ†j |0〉 denote the states with one pho-
ton in mode aˆ j and all atoms in the ground state. The mixing
angles are defined by
tan(ϕ) =
Ω0
Ω1
, tan(θ ) =
√
Ω21+Ω
2
0
g
. (B5)
Note that due to the spatial dependence of the laser fields, the
mixing angles vary with the distance to the origin which could
violate the adiabaticity of the transition close to the cavity
axis.
It is convenient to work in the adiabatic basis, where the
loss of transfer efficiency due to the spontaneous decay shows
up as population decay from the dark state. The probability
amplitudes ~A = [ag,a−g,ad,a−λ ,aλ ]T of the adiabatic states
are connected to the diabatic amplitudes by the relation ~A =
W~B, where the orthogonal rotation matrixW is given by
W =
1√
2

sin(ϕ) 0 −cos(ϕ) sin(ϕ) −cos(ϕ)
sin(ϕ) 0 −cos(ϕ) −sin(ϕ) cos(ϕ)
0 −√2cos(θ ) 0 √2cos(ϕ)sin(θ ) √2sin(ϕ)sin(θ )
−cos(ϕ) sin(θ ) −sin(ϕ) cos(ϕ)cos(θ ) sin(ϕ)cos(θ )
cos(ϕ) sin(θ ) sin(ϕ) cos(ϕ)cos(θ ) sin(ϕ)cos(θ )
 . (B6)
It is straightforward to show that the Schro¨dinger equation
in the adiabatic basis reads ih¯ d
dt
~A =W−1HW − iW d
dt
W−1~A,
where the last term describes the non-adiabatic transitions.
As long as the spontaneous decay is sufficiently strong the
populations of the non-zero energy adiabatic states change
negligibly such that one can perform adiabatic elimination
c˙±g = c˙±λ = 0. Assuming g ≫ ϕ˙
2
λ cos(θ ) and neglecting
terms of order of O(ϕ˙3) O(θ˙ 3), O(ϕ˙2θ˙ ) and O(ϕ˙θ˙ 2) we find
Pd ≈ exp
{
−2γ
g2
∫ ∞
−∞
(
ϕ˙2 sin2(θ )+ θ˙ 2 cos2(θ )
)
dt
}
. (B7)
One can evaluate the probability remaining in the adiabatic
states during the both stages of the protocol using the Rabi
frequnecies (26) and (27). We obtain Pd(~r) = ea(~r) with a =
11
1,2, where
ea(~r) = exp
{
− γ
4T
(
2
g2
− 1
g2+Ω2
− 1
g2+ f 2a Ω
2
)}
. (B8)
Here f1 = κ(x) and f2 = x
2.
Appendix C: Flux insertion method for numerical simulation
Simulating the flux insertion protocol in Sec. III in the
presence of particle-particle interactions is numerically chal-
lenging since it requires to include all photonic modes as well
as a large number of four-level atoms. In order to simplify
the numerical integration we replace the flux insertion tech-
nique based on STIRAP by another adiabatic transfer tech-
nique without coupling to an atomic medium. This proto-
col cannot directlty be realized with the current cavity setup,
but correctly captures the fidelity of the growing protocol for
Laughlin states.
As before, we split the protocol into two steps,
i) : aˆ0,3m→ aˆ0,3m+1, ii) : aˆ0,3m+1 → aˆ0,3m+3. (C1)
To mimic the adiabatic transfer mediated by the atomic
medium in an effective way, we add to the photonic Landau
level Hamiltonian, Eq. (1), a weak coupling between the low-
est and first Landau level with time-dependent couplings
Hˆc = ∑
m
[
ga(t)aˆ
†
3maˆ3m+1+ gb(t)aˆ
†
3m+1aˆ3(m+1)+ h.c.
]
(C2)
The coupling ga(t) is on during step (i) and gb(t) during step
(ii). Furthermore ga,gb ≪ ∆LN. We assume that the excited
state Landau level energy can be changed linear in time t with
respect to the lowest Landau level energy,
∆(t) =−∆0+ 4∆0
τf
∣∣∣t− τf
2
∣∣∣ , (C3)
where ∆0 = ∆0,1−∆0,0. This resembles a rapid adiabatic pas-
sage protocol. Let us start with the adiabatic limit tf → ∞. In
the first step, the coupling ga is turned on and we transfer an
OAM per photon of 1h¯ after the first step t = tf/2. Then, ga
is turned off and gb is turned on. The second step starts with
detuning ∆(tf/2) = −∆0 and transfers 2h¯ flux per photon to
the system after time t = tf. After a full step we added 3 flux
quanta per particle to the system. For adiabaticity, we require
τf ≫ 4∆0
∆2LN
, (C4)
which means that the detuning sweep ∆(t)must be slow com-
pared to the many-body gap of the system.
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